Hat trong hop mét chiéu
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Tém tat ndi dung

Ham soéng & trang thai tinh va cdc muic nang lugng ciia hé mot hat
trong khong gian mot chiéu cé thé duge xac dinh thong qua viec giai
phuong trinh Schrédinger sau

i
2m  dx?

+ V(z)p(z) = Ey(x) (1)

Pay 1a mot phuong trinh vi phan, nén trudc hét ching ta sé tim hiéu
mot sb van dé c6 lien quan dén phuong trinh vi phan.

1 Phuong trinh vi phan

Phuong trinh vi phan 14 mot phuong trinh chita mot ham an va cac dao
ham citia né. Nghiém ctia mot phuong trinh vi phan 1a ham an chi khong
phai 1a nhitng hang s6 nhu truong hop ctia phuong trinh dai s6. Vi du

Pyn) | dyla) _
dx? dx

2y(z) =0

Phuong trinh trén chita ham an y(z) va cidc dao ham ciia n6 y"(x), y'(z).
Nghiém can tim 1a y(x). Day 1a mot phuong trinh vi phan bac hai. Mot cach
téng quat, bac ctia phuong trinh vi phan la bac dao ham cao nhat clia ham
an.

V6i nhitng ap dung cta cd hoc lugng t vao héa hoc, ching ta thuong
chi quan tam dén nhitng phuong trinh vi phan dang co ban dé 14 phuong
trinh lién quan dén bién doc lap x, bién phu thuoc y(z) va dao ham bac
nhat, bac hai, ..., bac n ctia y

fly sy y™) =0 (2)

Mot dang déc biét ctia phuong trinh vi phan la phuong trinh vi phan
tuyén tinh, c6 dang

A (2)y™ + A1 (2)y" ) + -+ Ag(z)y = g(a) (3)



v6i A;(i = 0,1,...,n)1a ham thay doi theo bién x. Néu trong (3) g(x) = 0 thi
ta c6 phuong trinh vi phan tuyén tinh thuan nhat. Phuong trinh Schrodinger
khong phu thuoc thai gian, trong khong gian mot chiéu 1a mot phuong trinh
vi phan tuyén tinh thuan nhat bac hai.

Bang cach chia cho hé s6 clia 3, ta c6 thé bién phuong trinh vi phan
thuan nhat tuyén tinh bac hai tré thanh

y"+ P(2)y’ + Q(z)y =0 (4)
Néu y; va yo 1a nghiem ctia (4) thi
y = ciy1 + c2y2 (5)

ciing 1a nghiém ciia (4); y1 v y2 goi la nghiém riéng; y goi 1a nghiem téng
quat; ¢1 va cg 1a cac hing sb.

That vay, ta c6 thé chiing minh (5) 1a nghiém ctia (4) nhu sau. Thé (5)
vao (4), ta c6

a1yl + cayy + P(x)cryy + P(x)eays + Q(x)eryr + Q(z)cays = 0
hay
alyl + P(x)yy + Q(@)y] + e2lys + P(x)yy + Q(x)y2] = 10+ 20 =0

do y1 va 92 1 cAc nghiém ciia (4) nén cac biéu thitc trong dau [ ] phai bing
Zero
[yi + P(x)y) + Q(x)y1] = [yg + P(x)ys + Q(x)y2] =0

Thong thuong, nghiém tong quat clia mot phuong trinh vi phan bac n
sé chita n hing s6. Dé tim nhitng hing s6 do, ta sé phai 4p dung céac diéu
kién bién, trong dé dua ra cac gia tri cia y hodc dao ham cla y tai mot
diém hosic mot s6 diém ma y phai bing zero. Chiing ta sé ban dén diéu kien
bién cho phuong trinh Schrédinger trong phan sau.

Mot trusng hop quan trong 14 phuong trinh vi phan thuan nhat tuyén
tinh bac hai v6i hé s6 khong doi

Y +py +qy=0 (6)

v6i p va ¢ 1 cAc hiing s6. Dé gidi (6), ta gid sit phuong trinh c¢6 nghiem 1a
y = e**. Tu do, ta co

y'(x) — Sesz; y//(CC) — 526x (7)
Thé (7) vao (6), ta dugc
52681‘ —|—pS€SI + qesz =0 (8)

hay
s+ ps+q=0 (9)



Phuong trinh (9) dugce goi 1a phatong trinh b6 tro (auziliary equation) ciia
(6). Néu (9) c6 hai nghiem phan biét 14 s; v so thi nghiem téng quat ctia
(6) 1a

y = c1€”" + coe®?” (10)

Vi du: Cho phuong trinh vi phan
y" (@) +6y"(z) = 7=0
Ta c6 phuong trinh bo trg 1a
P H+6s—T=0 =5 =1; s59=—T7
Nhu vay, nghiém téng quéat cia phuong trinh vi phan da cho
y(x) = c1e® + cpe”™®

vdi ¢ va co 1a nhitng hing sob.

2 Hat trong hop mét chieu

Hat trong hop (hat trong giéng thé vo han) la bai todn lien quan dén sy
chuyén dong ctia mot hat trong mot giéng thé sau vo han. Bén trong hop,
khong c6 bat ctt Iyc nao tac dung lén hat. Thé ning bén trong hop dugc
gid st bang zero va bén ngoai hop 1a vo cling. Véi diéu kién nay thi hat
bi "nhét" hoan toan trong hop. Dé don gian, ching ta xét trudng hop hat
chuyén dong trong khong gian mot chiéu.
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Mot hé duge mo ta nhu trén c6 vé khong thic té vé mit vat li, tuy nhién
chiing ta sé thay ring day la mot mo hinh c6 thé ap dung cho cac phan tit
lien hop.!

Chiing ta can xét 3 ving. Ddi véi ving I va vung 111, ving c6 thé ning
béng vo cung, phuong trinh Schrodinger (1) cho nhitng ving nay 1a

d*(x)  2m

o + ﬁ[E —oolip(x) =0 (11)

Lphan tit c6 electron 7 c6 thé di chuyén trén toan bo phan ti, vi du butadiene, benzene




Bé qua E so véi oo, ta cd

drZ oot (12)
1 d?
- 13)

Nhu vay, ta két luan réng 1 bang zero tiic 1 bi triét tiéu & bén ngoai hop

Yr =Y =0 (14)

Chuing ta khong tim thay hat bén ngoai hop vi

Y =Y =0

Déi v6i viing I1, x tit 0 dén [, thé nang V' = 0, phuong trinh Schrodinger
tré thanh 2(z)
d“y(x 2m

V6i m 1a khéi lugng ciia hat va E 1a tong nang lugng ciia hé. Ta thay (15)
14 mot phuong trinh vi phan thuan nhat tuyén tinh bac hai véi hé s6 khong
déi. Nghiem ciia né c6 dang

P(x) = e™* (16)

T (16) lay dao ham bac nhét ¢/(z) roi bac hai " (x) va thé vao (15), ta
dugce
[s* 4+ 2mE/h?)e’” = 0 (17)

vi 5% > 0 v6i moi gia tri # nén (17) bang khong khi
[s> +2mE/h*] =0 (18)

Vay

s=+v-2mE/h (19)
Nang lugng E bang thé nang cong v6i dong nang, véi thé niang bang zero
con dong nang thi 16n hon khéng; do d6 E cé gia tri duong. Nhu vay s co
gia tri 4o, ta c6 thé viét dudi dang
s =+ivV2mE/h (20)
Vay nghiém tong quat ctia (15) 1a
)= Clei(\/QmE/h)x + 0267i(\/2mE/h)x (21)
bat 0 = (vV2mE/h)x. Ta c6

P =cre" + e (22)



Tit phuong trinh dang mi ctia s6 phiic

(cosf + isin ) = e’ (23)
Ta suy ra
1) = c1 086 +icysinf + cocos B — icysin b (24)
hay
Y = (c1 + c2) cos O + (ic; —icy)sinf = Acosf + Bsind (25)

Véi A va B la nhitng hing s6 mé6i. Nhu vay
Yrr = Acos[(V2mE/h)z] + Bsin[(vV2mE/h)z] (26)

ciing 14 nghiém tong quat clia (15).

Bay gio chiung ta xac dinh A vi B bang cach ap dung dieu kién bién.
Truéc hét, ching ta yéu cau ham soéng lien tuc tai moi diém trén truc z.
Néu v lién tuc tai = 0, thi ta c¢6

lim 1/}[ = lim ’Lﬂ[[ (27)
z—0 z—0
Vi ¢y =0, nén
lir% =0 (28)
T—>

hay
iiir(l) (Acos[(\/QmE/h)x] + Bsin[(v2mE/h)x]) = Acos0+ Bsin0 =0

V6i cos0 =1 va sin0 = 0, ta tim dugc mot gié tri la A = 0.
Tiép theo, ching ta xac dinh B. V6i A = 0, phuong trinh (26) tré thanh

Y11 = Bsin[(V2mE/h)x] (29)
Ap dung tiép diéu kien lien tuc tai z = [, ta c6
Bsin[(V2mE/h)l] =0 (30)

Gia tri B khong thé bang zero, vi nhu thé ham séng sé bing zero tai moi
diém, trong hop sé khong chita gi ca. Do do6

sin[(V2mE/h)l] =0 (31)
= (V2mE/h)l = £nm (32)

trong don =1,2,3,... Ta khéng nhan giatrin =0vinéun =0thi E =0
i dirr .

3 = 0, nén =cva
T

dx
Wrr = cx +d, véi ¢ va d 1a nhitng hing s6. Diéu kién bién cho ta ¥ = 0 tai

va khi d6 phuong trinh Schrodinger trg thanh



x = 0 thi d = 0; diéu kién bién cho ta ;7 = 0 tai z = [ thi ¢ = 0. Nhu thé
ham soéng sé bang zero tai moi diém. Vay F = 0 la mot gia tri nang luong
khong dugc phép. Thé h = h/27 vao (32), ta duge

[V2mE((2m)/h|l = £nm (33)

(34)

Chi nhiing gia tri nang lugng duge tinh theo (34) mdi cho phép 1 thoa
man diéu kién bién (lién tuc) tai x = I. Nhin vao (34) ta thay gid tri ning
lugng duge lwgng tu hoa, chi nhan nhitng gia tri gian doan chi khong lién
tuc. Day la diém khéc biét 16 rang gitta co hoc ¢6 dién va co hoc lugng ti.
Theo co hoc ¢b dién, nang lugng ctia hat trong hop nhan moi gia tri khong
am tuy y. Cha y 1 gia tri nang lugng nhé nhét ciia hat luon 16n hon zero.
Trang théi c6 nang lugng thap nhat dugc goi 1a trang thdi co ban (ground
state). Nhing trang thai c6 nang lugng 16n hon trang thai co ban duge goi
la trang thdi kich thich (excited states).

Vi du: Mot hat c6 khéi lugng 2,00 x 10726 ¢ chuyén dong trong mot
hop dai 4,00 nm. Tinh do dai séng ctia photon ma hat nay hap thu khi né
chuyén tit mitc niang lugng n = 2 lén n = 3.

Huwéng dan: Béi vi nang lugng duge béo toan, nén nang lugng F = hv
ctia photon bi hap thu phai bang chénh léch nang lugng gitta hai trang thai.
Do doé, ta c6

(n3 — n3)h?
hy = By — By = 8 _12)
o 8mi?

hay
(n§ —n3)h
8mli?

Thé cac gia tri bai toan da cho vao, ta dudc:

I/:E4—E3:

2 _ 92 —34
L (3% —27)(6,626 x 107°%Js) 1,20 x 10~ 1251
8(2 x 1072%kg)(4,00 x 10~9m)?

Vi van toc ciia anh sdng ¢ = v, ta suy ra A = 2,32 x 1074 m. Ngugc lai,
khi hat chuyén tit miic nang lugng n = 3 vé miic nang lugng n = 2 né sé
phat ra mot photon c6 tan s6 1a v = 1,29 x 10712571,

Cudi cung, ching ta xac dinh gid tri B. Thé (33) vao (30), ta ¢6 phuong
trinh séng trong vung /I nhu sau

nnmx nmx
4+ —

Wy = Bsin( ) = £Bsin(~-) (35)

vi sin(—0) = —sin(#).



Ap dung didu kien chuén héa

/mpmwx:/mﬁw%x:1 (36)

hay
0 l oo
/ [Yr2dz + / 11| da +/ [WrrrPde =1 (37)
—00 0 l
vi Yy = ¥ = 0, nén (37) trg thanh
l
BP/sm%ﬁ?mx—1 (38)
0
Ap dung
2sinx = 1 — cos 2z (39)
1
/cos ardr = p sin ax (40)

ta tinh dugc

B:iV? (41)

N . 2 2
Theo nguyén 1i chong chat, hai trang thai tng v6i B = \/; va B = —\/; la

. 2
tuong duong nhau. Dé don gian, ching ta chon B = \/Z . Vay phuong trinh

song trong vung I ¢6 dang

2 nmwx

¢=y/7sin(—=)  (n=123..) (42)

Tém lai, phuong trinh Schrodinger clia hat trong hop mot chiéu da duge
gidi mot cach chinh x4c bang thi thuat toan hoc thuan tiy két hop vdi cac
diéu kieén bién. Két qua, niang luong ciia hé va ham séng mo ta trang thai
cua hé duge xac dinh nhu sau

2 . nmx
U = \/?Sln(l)

Trong d6, n = 1,2,3,... dudc goi la sé lwong t&. Véi cac gia tri n khac
nhau, ta c¢6 nhitng ham séng va nhing mic ning lugng khac nhau.

Ham séng c6 thé bing zero tai mot s6 diém. Nhitng diém nay duge goi
14 nodes. Khi di qua cac nodes, ham séng sé doi dau. Vi du, xét n = 2, ta

coH
2 2 2
@:ﬂsm(?):o N




T do, ta co
k=2 x % (k=0,1,2,...)
Khi z = 0 va o = [ thi ham s6ng hién nhién bing zero. Vi x < [, nén dé k
1 1
nhan gia tri nguyén thi % =35 That vay, khi % =5 ta co

k=2x-=1

. Twong tw, v6i n = 3, ta c6

N =~

Nghia la ham séng c6 mot node tai z =
k=3 x % (k=0,1,2,...)

N 1 2
Ham séng bang zero tai % =3 (k=1) va tai % =3 (k = 2). Nhu vay, khi

n = 3, ham séng c6 2 nodes. Mot cach tong quat, s6 nodes ctia ham séng 1a
(n—1).

3 Tinh chuan héa va truc giao cia ham séng

Tiy thudc vao gia tri clia s6 lugng tit n, ta sé c6 mot bo cac ham séng; mdi
ham séng c¢6 mot gia tri ning lugng tuong ng va duge dic trung béi s6

lugng ti n. Dat ¢; la ham séng tng véi gia tri n;, va ¢; la ham séng tng
v6i gia tri nj. Trong viing 0 < x <[, ta c6

b = \Fsin(mm) ;= \/Esin(njﬂx> (43)
l l l l
/_oo Yide = /0 \/;sin(n ;Tx)\/;sm(njlﬂ'm)da; (44)

néu i = j thi

oo l . .
/_ Yipdr = /0 \/?Sin(m;m)\/?sin(m;m)dx =1 (45)

Khi i # j, ta c6

00 l . .
/_ Wide = /0 \/?sin(nl;m)\/?sin(n];x)dx (46)

Datt:Wl—x,tacékhix:Othit:(J;khim:lthit:w;va

Ta c6

dt = Tde = de = Lat
l T



Do d6, (46) tré thanh

/ Yiide = l/ sin(n;t) sin(n;t)dt (47)
—00 ™ Jo
Ap dung cong thrc
1 1
sin(n;t) sin(n;t) = 5 cos[(n; — nj)t] — 5 cos[(n; + n;)t] (48)
ta dugc
o 2 [T1 2 1
/ Yide = / = cos[(ni—nj)t]dt—/ = cos|(n;+n;)tldt =0 (49)
— 00 m™Jo 2 ™ Jo 2

vi sin(km) = 0 v6i moi gié tri nguyén k. Nhu vay, khi ¢ # j, thi
o)
| wisde =0 (50)

Ta noi rang v; va 1} truc giao véi nhau khi i # j. Két hop (45) va (50), ta
dugce

[_w%m:% (51)

Ki hiéu d;; dudc goi la ham Kronecker delta (Kronecker la tén mot nha toan
hoc); né bang 1 khi i = j va bang zero khi i # j.

0 néui#j
0ij = Lo 52

" { 1 néui=j (52)
Nhitng ham tuan theo phuong trinh (52) dugce goi la ham truc chuan,
nghia 1a vira tryc giao vira chuan héa. Haim séng ctia hat trong hop da duge
ching minh 1a chuan héa vi tryc giao. Tinh tryc chuan ciia cic ham séng
sé dudc ching minh mot cach tdng quat hon trong nhitng phan sau.

4 Phb electron ctia phan ti lién hop

Mot céch gan ding kha tho so, ching ta c6 thé xem cac electron 7 trong
nhitng phan ti lien hop nhu dang chuyén dong trong hop mot chiéu. Chiéu
dai ctia hop va clia phan tit gan bing nhau. Theo nguyeén ly Pauli, méi "hop"
chita t6i da hai electron véi spin nguge nhau. Khi bi kich thich, vi du béi
anh sang, electron sé di chuyén tit "hop" c6 ning lugng thap len "hop" cé
nang lugng cao hon. Nang lugng can cung cap dé dua mot electron tir mic
ning luong F, 1én mic ning luong F, 11 1a

AE = En. — B,

h? h?
_ 2 2
= (n+1) 8ml? " 8ml?
h2
_ 1)2 — 2



Dura vao sit chénh lech nang luong trén, ta c6 thé tinh dude do dai song ciia
photon da bi hap thu.

Chung ta lay phan tt CHy = CH — CH = CH, lam vi du minh hoa.
Ta thay phan ti c6 hai lien két 7. Nhu vay, c6 tat ca bon electron 7 chuyén
dong trén toan bo phan ti c¢6 chiéu dai 1a . Theo thyc nghiém, chicu dai
ctia phan t1t 14 7,0 A0 trang thai co ban, bén electron 7 nay sé duge phan
bd vao hai "hop" tng v6i n = 1 va n = 2. Vay, "hop" ¢6 nang lugng tiép
theo khéng chita electron tng v6i n = 3. Khi bi kich thich, mot electron sé
di chuyén tit mitc ning lugng n = 2 lén miic ning lugng n = 3. Nang lugng
can cung cap cho sy di chuyén nay Ia

h2

AE = [3*-2°
[ ]8m12

6,63 x 10734Js
[8 x 9,11 x 10-31kg] x [(7,0 x 10~10m)2]
= 6,15 x 107197

= HX

Néu nang luong duge cung cap dudi dang anh sang thi

hc hc
AE=hvr=— => A= — =323
V= NG nm
Anh sang nay thuoc ving t ngoai. Ta c¢6 thé két luan hop chét nay khong
mau.
Tit biéu thiic )
h hc
AE = 1?2 —n?—s = —
ta thay khi [ cang 16n thi ning lugng ctia photon bi hap thu cang nhé va do
d6 do dai séng A cang 16n. Khi mach lién hop cang dai, 4nh sang bi hap thu
sé cang gan véi viing kha kién hon hoiic cling c6 thé thuoc viing kha kién.
Khi d6 hgp chat c6 thé c6 mau.

5 Xac suat tim thiy hat va sb lugng tit n

Xét mot hat trong hop chiéu dai [ dang & trang thai duge mo ta béi ham

S(/)Ilg
2 TXr
/liz)” \/>l sin Ll

Xac suat tim thay hat trong ving (0 < z < 1/4) dugc tinh nhu sau

1/4 2 nwx\ 2
P:/ \/7$in dx 53
() (53)

2

Ta c6

. 1
sin®x = 5(1 — cos 21)
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Do do

2 (U4 2nmx
P = l/o 5(1—COS i )dac

2(:1: I . 2n7r:c>’l/4
= —|=z—-—sin
2  Adnmw l 0

n P
T 1 T 1
1 I o xl=-—
2 fI——Ix _ 1
4 Ar 4
s] T_ L p-1;1L
4 61 4 6r
4 1—ix()—1
4 87 4
S S SR S
4 10x 4 10z
6 T (O)_l
407 |
T|>———x(-1)=>+—

Ta thay, x4c suat tim thay hat 16n nhat khi n = 3. Khi n cang 16n thi xac
suat cang gan véi 7 Nghia 1a co hoc lugng tit va co hoc c¢6 dién gan nhu

giébng nhau trong giéi han ctia s6 lugng ti n 16n.2

2Nguyen ly tuong ting Bohr

11



Bai tap

1. Tim nghiém téng quét ctia phuong trinh y”(z) + ¢/ (x) — 2y(z) = 0.
2. Cho phuong trinh
y'+ P(x)y’ + Q(z)y =0

Dat y = e%%. Néu s; = so = s thi chiing ta chi méi tim duge mot nghiém
13 y = 5. Chitng t6 rang trong trudng hop nay y = ze 1a nghiém thit hai
va nghiém téng quét 1a y = e5% 4 xe®®.
3. Mot hat trong hop dang & trang thai

bn = \/zsin(m) (n=1,2,3,...)

a

a) Tinh x4c suat tim thay hat trong doan 0,5a < x < 0,75a; vdi a la
chiéu dai ctia hop.
b) Gia st céc trang thai 15 va 1, clia hat dugc mo td nhu sau

ws - Cs(wl + ¢2)

Vo = calt — ¢1§¢2)

Dua vao diéu kien chuan héa va truc giao ctia ¥, ¥, va 1, hay xac dinh
cac hé sb c; va c,.
4. Xét mot electron di chuyén trong mot hop dai 1,0 A. Cho biét chenh léch
nang lugng gitta hai mitc thap nhat? Tinh do dai séng ciia photon c¢6 nang
luong ding bing nang lugng chénh léch nay. Photon ndy nam trong ving
nao cua séng dién tu?
5. Mot cach gan ding ching ta c6 thé xem cac electron 7 trong cic hgp
chét lien hop gidéng nhu hat trong hop. Ap dung mé hinh hat trong hop, du
doan do dai séng clia 4nh sang bi hap thu khi mot electron 7 bi kich thich
va di chuyén lén mic nang lugng gan nhat cho anion CHyCHCHCHCH,, .
Chiing ta c6 thé tinh chiéu dai ctia hop duya vio do dai cac lien két C = C
121,35 C — C 1a 1,54; va C — H 12 0,77 A.
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